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The laminar boundary layer equations for a non-Newtonian fluid on a 
fiat plate are reduced to Prandtl-MiseS variables and solved approxi- 
mately in quadratures. The velocity profiles and the resistance coef- 
ficients are given for certain values of n. Agreement with the results 
of exact calculations is good. 

F o r  a fluid sa t i s fy ing  the rheologica l  power law 

k a y ]  ' 

the l a m i n a r  bounda ry  l aye r  equat ions  on a flat  plate,  
in d i m e n s i o n l e s s  form,  a r e  [1] 
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The boundary  condi t ions  a r e  

(3) 

when b ' : t = O  u 1 = 0 ,  v 1 = 0 ;  

when yl  = 'm t.q = I. (4) 

Introducing the stream function r we replace the 
second equation of (2) by the relations 

u l = - - ,  v i = - - - -  (5) 
Oy~ O& 

We shal l  pass  f r o m  x j, y~ to the new independent  
v~.riables x i ,  ~l(xl ,  Y 0 - - P r a a d t l - M t s e s  v a r i a b l e s  [21, 
and t r a n s f o r m  the f i r s t  equat ion of (2) into these  
v a r i a b l e s .  Thus,  it now takes  the fo rm 

az ~ o / az \ .  
- -  = V 2 z  " , 

(7) 

where  we have des igna ted  

z = u~/2. 

Taking  the s t r a igh t  l ine y~ = 0 as the ze ro  s t r e a m  

l ine  (r = 0), we wr i t e  the boundary  condi t ions  (4), 
taking (7) into account ,  as 

w h e n ~ : t = O  z ~ O ;  

when ~l)l= ~ Z = 1/2. (8) 
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Veloci ty d i s t r i bu t ions  in the boundary  l ayer  
with: 1) n = 3; 2) 2; 3) 1.67; 4) 1.33; 5) 1.0; 

6) 0.7; 7) 0.7; 8) 0.6; 9) 0.5; and 10) 0.3. 

If z is regarded as being a function of only one variable 

= ~hI1/2  n (t + n) xd -~/~ (9) 

then (6) becomes the ordinary differential equation 

- ~ =  V z ( z ' )  ~-~ z " -  V 7  d 
n - -  1 dE (z')"-~' (10) 

where  the p r i m e s  denote d i f f e ren t i a t ion  with r e spec t  

to ~.  
The boundary  condi t ions  (8) a re  

when ~ = 0  z = 0 ;  

w h e n $ =  m z =  1/2. (11)  

Equat ion (10) is e a s i l y  in tegra ted ,  if we put z = 
= z0 = 1/'4 as a z e r o t h - o r d e r  approx ima t ion  (under 
the squa re  root),  i . e . ,  half  of i ts  value at the ou te r  
edge of the boundary  layer ,  as was done in [3]. We 

then obtain the equat ion 

1 (Z,),~_ 2 z" -1 d = - - ( z ' )  '*-t, (12) 
- ~  -2 2(n--1) dE 

which was examined  in [4, 5] for  n < 1 in connec t ion  
with the p r o b l e m  of uns t eady  mot ion  of a non-Newtonian  

f luid on an inf in i te  p la te .  
F o r  n = I (Newtonian fluid), the solut ion of (12) 

with bounda ry  condi t ions  (11) has the fo rm 

1 2 I e x p ( _ g 2 ) d r  l e r f r  (13) 
z 2 [/~- ,0 2 

0 
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Comparison of the Approximate and Exact Solutions 

3/I  == 3 
2/1 ~ 2 
5/3 ~.. 1.67 
3/2 = 1.5 
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6/5 ~ I. 2 

1 
4/5 ~ O. 8 
7/9 _'2=_ 0 . 7 8  
3/.t = 0.75 
5/7 ~ 0.71 
315 =~ O. 6 
1/2 = 0 .5  
1/3 ~ 0 . 3 3  

c 

0..1502 
O. 8256 
i .  250 
1. 697 
2.150 
2.  (;:~, 1 
,t .565 

5.7~2 
5.2,11 
' t .851 
,I .,107 
3.6:i1 
3. ,10,1- 
3,674 

z' {o) [ 
, j  - .  

0,9.t~S ! 
0.~2,56 
0.7(;O2 
0.72d0 
O. 6935 
O. 67,12 

i 0.63.11 

0,,1 $35 
0 ..;7.t3 
0 .,1623 
O. 4446 

. 0 .3935 
0.3,  51 
0 .2508 

0 .2043 
0.3277 
;i. ,it} 15 
O,,i,i 90 
O..1828 
0.5o70 
0.56,13 
0, (.;7(}9 
0.6152 
O. ~350 
O. ~;01 
0.89.1,i 
1.019 
i .152  
1.435 

i* n [ I ] 

0.i9-11 
0.322,t  

0 ..1378 

0.66,tl 

i . 15 ;  

/in Ui] 

(). 66.12 
O,,G09 

1.017 
1. 151 

Error, 

5 .2  
1.6 

2 . 6  

1,0 
0 .5  

0 .2  
0.1 

For n ~ 1, integrating (12) twice, and taking the 
f irst  condition of (11) into account, we find 

I 

z = .f I ( n -  1)(C--;2)1 "-L dL (14) 
O 

The arbitrary constant C for n < 1 is determined 
from the second condition of (11), and for n > 1 from 
the condition 

when ~ = ~ z' = 0,  z = 1/2,  ( 1 5 )  

where ~5 is  the value appropriate to the finite thick- 
ness  of the boundary layer  [1, 5]. 

The integral (14), as  an integral  of a binomial dif- 
ferential ,  may be expres sed  in finite form only for 
certain values  of n. 

In view of (7), the veloci ty  prof i les  are  calculated 
from the formula 

ul(;) = V 2  z(;). (16) 

From (5) and (9) it fol lows that 

( 

~1 = gl [V2-n (1 +n) xd '+~ = j u]-~) (17) 

0 

Equations (16) and (17) give the parametric  relat ion 
between u 1 and r?. 

The calculated ve loc i ty  profi les  are shown in the 
f igure.  Also  shown, is the curve corresponding to 
the exact  solution of the B las ius  equation [2] (dashed 
curve,  n= 1); its difference from the approximation is  
l e s s  than 4%. 

With the aid of (1), (3), (5), and (9) let us de-  
termine  the local  frict ional  drag of the plate 

The quantities required in calculating the veloci ty  
profi les  and drag are given in the table. 

The table a lso  shows a comparison  of some of the 
values B n obtained in the present  paper with the exact 
data of the authors of [1] and [6]. From the good 
agreement  of these quantities and of the veloci ty  pro-  
f i les  for n ~- 1 the conclusion may be drawn that the 
f irst  approximation used in solving Eq. (10) is adequate 
for practical  purposes .  

NOTATION 

r - f r i c t i o n a l  stress, 7 w - t h e  same  at the wall;  K, n - r h e o l o g i c a l  
characterist ics  of fluid; x - l o n g i t u d i n a l  coordinate;  y - t r a n s v e r s e  co -  
ordinate; u, v - p r o j e c t i o n  of v e l o c i t y  vector  on x and y axes,  respec-  
t ive ly;  U - v e l o c i t y  of external  stream; L--characterist ic  length; R-- 
Reynolds number; R x - - l o c a l  Reynolds number.  
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